the congruence which runs significantly faster than other known congruences involving E p−3 . Applying this congruence, a computation via Mathematica 8 shows that only three primes less than 10 7 satisfy the condition E p−3 ≡ 0 (mod p) (such primes are 149, 241 and 2946901, and they are given as a Sloane's sequence A198245). By using related computational results and statistical considerations similar to those on search for Wieferich and Fibonacci-Wieferich and Wolstenholme primes, we conjecture that there are infinitely many primes p such that E p−3 ≡ 0 (mod p). Moreover, we propose a conjecture on the asymptotic estimate of number of primes p in an interval [x, y] such that E p−3 ≡ A (mod p) for some integer A with |A| ∈ [K, L].
Introduction
Euler numbers E n (n = 0, 1, 2, . . .) (e.g., see [13, pp. 202-203] ) are integers defined recursively by E 0 = 1, and 0≤k≤n k even n k E n−k for n = 1, 2, 3, . . .
(it is well known that E 2n−1 = 0 for each n = 1, 2, . . .). The first few Euler numbers are E 0 = 1, E 2 = −1, E 4 = 5, E 6 = −61, E 8 = 1385, E 10 = −50521, E 12 = 2702765, E 14 = −199360981, E 16 = 19391512145. It is well known that Euler numbers can also be defined by the generating function 2 e x + e −x = ∞ n=0 E n x n n! .
It is well known that E n = E n (0) (n = 0, 1, . . .), where E n (x) is the classical Euler polynomial (see e.g., [15, p. 
et seq.]).
Recall that Bernoulli numbers B n (n = 0, 1, 2, . . .) are rational numbers defined by the formal identity
B n x n n! .
It is easy to see that B n = 0 for odd n ≥ 3, and the first few nonzero terms of (B n ) are B 0 = 1, B 1 = −1/2, B 2 = 1/6, B 4 = −1/30, B 6 = 1/42 and B 8 = −1/30. It is well known that B n = B n (0), where B n (x) is the classical Bernoulli polynomial (see e.g., [15, p. 
A significance of Euler numbers, and especially of E p−3 with a prime p, is closely related to Fermat Last Theorem (see [13, Lecture X, Section 2]). In 1850 Kummer (see e.g., [13, Theorem (3A) , p. 86 and Theorems (2A)-(2F), pp. 99-103] proved that Fermat Last Theorem holds for each regular prime, that is, for each prime p that does not divide the numerator of any Bernoulli number B 2n with n = 1, 2, . . . , (p−3)/2. In 1940 H. S. Vandiver [24] likewise proved for Euler-regular primes. Paralleling the previous definition of a (irr)regular prime (with respect to the Bernoulli numbers) following Vandiver [24] , a prime p is said to be Euler-irregular primes (shortly E-irregular) if and only if it divides at least one of the Euler numbers E 2n with 1 ≤ n ≤ (p − 3)/2. Otherwise, that is if p does not divide E 2 , E 4 , . . . , E p−3 , a prime p is called E-regular.
The smallest E-irregular prime is p = 19, which divides E(10) = −50521. The first few E-irregular primes are 19, 31, 43, 47, 61, 67, 71, 79, 101, 137, 139, 149, 193, 223, 241 (with p = 241 dividing both E 210 and E 238 , and hence having an E-irregularity index of 2) (see [4] ). In 1954 L. Carlitz [1] proved that there are infinitely many E-irregular primes p, i.e., p | E 2 E 4 · · · E p−3 . Using modular arithmetic to determine divisibility properties of the corresponding Euler numbers, the E-irregular primes less than 10000 were found in 1978 by R. Ernvall and T. Metsänkylä [4] .
In his book [13, p. 203 ] P. Ribenboim noticed that "it is not all surprizing that the connection, via Kummer's theorem, between the primes dividing certain Bernoulli numbers and the truth of Fermat's theorem, would suggest a similar theorem using the Euler numbers." Vandiver [24] proved that x p + y p = z p has no solution for integers x, y, z with gcd(xyz, p) = 1 if E p−3 ≡ 0 (mod p). The analogous result was proved by Cauchy (1847) and Genocchi (1852) (see [13, p. 29 , Lecture II, Section 2]) with the Bernoulli number B p−3 instead of E p−3 . Further, in 1950 M. Gut [8] proved that the condition [17] involve Euler numbers E p−3 with a prime p. Many of these congruences become "supercongruences" if and only if E p−3 ≡ 0 (modp) (A supercongruence is a congruence whose modulus is a prime power.) This gives a significance to primes p for which E p−3 ≡ 0 (mod p). The first two primes 149 and 241 have also been discoverded by Z.-W. Sun [20] .
In this note, we focus our attention to the computational search for residues of Euler numbers E p−3 modulo a prime p. By the congruence obtained in 1938 by E. Lehmer [9, p. 359] , for each prime p ≥ 5
where [a] denotes the integer part of a real number a. Usually (cf. [4] ), if E p−3 ≡ 0 ( mod p) then we say that (p, p − 3) is an E-irregular pair. It was founded in [4] that in the range p < 10
is an E-irregular pair for p = 149 and p = 241. For our computations presented in Section 3 we do not use Lehmer's congruence (1) including harmonic number of the second order. Our computation via Mathematica 8 which uses the expression including the harmonic number (of the first order) is very much faster than those related to the congruence (1). Here we report that only three primes less than 10 7 satisfy the condition E p−3 ≡ 0 (mod p). Using our computational results and statistical considerations similar to those in relation to a search for Wieferich and Fibonacci-Wieferich and Wolstenholme primes (cf. [2, p. 447] and [11] ), we conjecture that there are infinitely many primes p such that E p−3 ≡ 0 (mod p).
A congruence used in our computation
Here, as usually in the sequel, for integers m, n, rs with n = 0 and s = 0, and a prime power p a we put m/n ≡ r/s (mod p e ) if and only if ms ≡ nr (mod p e ), and the residue class of m/n is the residue class of mn ′ where n ′ is the inverse of n modulo
In what follows p always denotes a prime. The Fermat Little Theorem states that if p is a prime and a is an integer not divisible by p, then a p−1 ≡ 1 (mod p). This gives rise to the definition of the Fermat quotient of p to base a,
which is an integer. It is well known that divisibility of Fermat quotient q p (a) by p has numerous applications which include the Fermat Last Theorem and squarefreeness testing (see [5] , [7] and [13] [18] ). A search in [11] and [3] shows that there are no Fibonacci-Wieferich primes less than 9.7×10
14 . For the computation of residues of Euler numbers E p−3 modulo a prime p, it is suitable to use the following congruence which runs significantly faster than Lehmer's congruence (1) . 
On the other hand, we have
By the classical congruence proved in 1938 by E. Lehmer [9, the congruence (45), p. 358], for each prime p ≥ 5
Substituting the congruence (5) into (4), we obtain
Finally, substituting (6) into (3), we immediately obtain (2).
The computation
Using the congruence (2), a computation via Mathematica 8 shows that only three primes less than 10 7 satisfy the condition E p−3 ≡ 0 (mod p) (such primes are 149, 241 and 2946901, and they are given as a sequence A198245 in [14] ). Notice also that in 2011 [12, p. 3, Remarks] , the author of this article reported that these three primes are only primes less than 3 × 10 6 . Recall that investigations of such primes have been recently suggested by Z.-W. Sun in [20] ; namely, in [20, Remark 1.1] Sun found the first and the second such primes, 149 and 241, and used them to discover curious supercongruences (1.2)-(1.5) from Theorem 1.1 in [20] involving E p−3 .
Motivated by search for Wieferich and Fibonacci-Wieferich primes given in [2] and [3] and search for Wolstenholme primes given in [11] , here we use similar computational considerations for Euler numbers E p−3 where p is a prime. Our computational results presented below suggest two conjectures on numbers E p−3 that are analogous to those on Wieferich ( [2] , [3] ) and Wolstenholme primes [11] . Accordingly, we search primes p in the range [10 5 , 5 × 10 6 ] such that E p−3 ≡ A (mod p) with |A| ≤ 100 and/or 10 4 · |A/p| ≤ 1. Our search employed the congruence (2) which runs significantly faster than Lehmer's congruence (1) Further, in order to verify that there are no primes p between 5 × 10 6 and 10 7 such that E p−3 ≡ 0 (mod p), we used the following code which is very much faster the previous code: Certainly A = A(p) can take any of p values (mod p). Assuming that A takes these values these values randomly, the "probability" that A takes any particular value (say 0) is 1/p. From this, in accordance to the heuristic given in [2] related to the Wieferich primes, we might argue that the number of primes p in an interval [x, y] such that E p−3 ≡ 0 (mod p) is expected to be
If this is the case, we would be only expect to find about 0. 1/p k ≈ 3.04145 primes p such that E p−3 ≡ 0 (mod p) (p k is a kth prime); as noticed previously, our computation shows that all these primes are 149, 241 and 2946901. The second column of Table 1 shows that there are 61 primes between 10 5 and 5 × 10 6 for which |A| ≤ 100. Since the "probability" that |A| ≤ 100 for a prime p ≫ 200 is equal to 201/p, it follows that expected number of such primes between M th prime p M and N th prime p N with N > M ≫ 1000 (that is, p N > p M ≫ 1000) is equal to
where the summation ranges over all primes p such that p M < p < p N . In particular, for the values M = 9593 and N = 348513 which correspond to the interval [10 5 , 5 × 10 6 ] containing all primes from Table 1 , we have Q(348513, 9593, 100) = 201
On the other hand, Table 1 shows that there are 61 primes between 10 5 and 5 × 10 6 for which |A| ≤ 100, which is ≈ 3.8431% greater than related "expected number" 58.742451.
Because our program recorder all p with "small |A|", that is, with |A| ≤ 100, we compiled a large data set which can be used to give more rigorous (experimental) confirmation of both our Conjectures 1 and 2. Indeed, our program recorded 568 primes p in the interval [10 5 , 5 × 10 6 ] for which |A| ≤ 1000. On the other hand, according to the formula (9) , it follows that expected number of such primes is equal to (10) which is ≈ 2.956% greater than related "expected number" 568.
Instead, of selecting values based on |A| ≤ 100, we suggest to select them based on A/p < q × 10 −4 (e.g., q = 1) that would be consistent with the original selection criterion. In particular, in the third column of Table 1 there are 72 primes p contained in the interval [10 5 , 5 × 10 6 with related values 10 4 × A/p < 1. Furthermore, since the "probability" that |A/p| ≤ 10 −4 for a prime p ≫ 10000 is equal to 2
, it follows that expected number of such primes between M th prime p M and N th prime
In particular, for the values M = 9593 and N = 348513 which correspond to the range (10 5 , 5 × 10 6 ) of all primes from 
Using a larger data set which our program recorded, consisting of total 568 pairs (p, A(p)) such that p ∈ [10 5 , 5 × 10 6 ] and |A(p)| ≤ 1000, we obtain experimental results presented in Table 2 . In Table 2 the values in "column k" and in first and second row reflect the number of p ∈ [10 5 , 10 6 ] and p ∈ [10 6 , 5 × 10 6 ], respectively, such that A = A(p) ∈ [k × 100, (k + 1) × 100] (k = 0, 1, . . . 9). Expected numbers given in the last column of Table 2 are calculated by the formula (11). Table 2 presents a small snapshot of our experimental results. Notice that by the data of the last row, the relative error between the conjectured and experimental values for k = 0, 1, . . . Remarks. Recall that a prime p is said to be a Wolstenholme prime if it satisfies the congruence 2p − 1 p − 1 ≡ 1 (mod p 4 ), or equivalently (cf. [10, Corollary on page 386]; also see [6] ) that p divides the numerator of B p−3 . The only two known such primes are 16843 and 2124679, and by a result of R.J. McIntosh and E.L. Roettger from [11, pp. 2092-2093] , these primes are the only two Wolstenholme primes less than 10 9 . Nevertheless, using similar arguments to those given in Section 3 of this paper, McIntosh [10, page 387] conjectured that there are infinitely many Wolstenholme primes.
